Due in part to the nature of the problem, but mainly because of the limitations of the method we employ, the manifolds we are considering are subject to a number of constraints at infinity. Some of these conditions have a clear geometric meaning, but others do not. Thus, the class of manifolds to which our results apply is not easy to quantify. It seems possible to enlarge it to encompass all complete manifolds of strictly negative sectional curvature and finite volume; Theorem 3.5 below constitutes an important step in this direction.
The L2-index theorem we prove in this paper can be used in conjunction with vanishing type arguments, much in the same way as the standard index theorem for Dirac operators and its relative version are employed in [GL] , to gain information about the scalar curvature. To illustrate this, we discuss in Section 4 a "version with boundary" of the "conservation principle" for the scalar curvature of perturbations of the standard metric on the n-sphere, suggested by [L] . We wish to thank Maung Min-Oo for making us aware of these references and for substantial help with the calculations in Section 4.
2. An abstract index theorem. In this section we recall the main facts from [B2I, adapted to We also consider a skew-adjoint potential (i.e., a differential operator of order zero), V V': C(E) C(E), and form the one-parameter family of "DiracSchr6dinger operators" D:=D+2V, 2.
For simplicity we assume that each D has a unique closed extension in L2(E). holds; moreover, the domain (Dz) is independent of 2 and in fact coincides with 9(0). In what follows, the unique closed extension according to (2.1) will also be denoted by Dx. Next Note that, since m is odd, S r := SINr is a spin bundle over Ny with grading given by v/-1Fo =" z. We compute with local orthonormal frames (Fi), (S) for TM and S (as above) and (E#) for E, all assumed parallel along normal geodesics: Since N is spin cobordant to zero, we also find
The proof is completed using the Atiyah-Singer formula.
We will show below and also in the next section that the assumptions of Theorem 3.2 are satisfied in cases of interest. We now proceed to define the notion of "h-control".
M is said to have h-controlled geometry at infinity for some positive function h e C(E+) if Thus, after this deformation, the above corollary applies.
If we consider more general metrics than warped products, e.g., asymptotically
Euclidean metrics as in [B1, Sec. 2] , then fl may no longer vanish and (3.21) is not so easy to deal with. The following result will allow us, however, to extend the index calculation to a large class of complete noncompact manifolds, e.g., with finite volume and pinched negative curvature. This will be the object of a future publication. Hence, in view of (3.31), S'(y)tr is of the form S'(y)t7=:
EFo F~" -vr + eo e ,(Fo i>l The assertion follows.
(3.34)
El
The next lemma allows us to compare Q'r(tr) and Qr(tr). Proof. We compute, for tre C(S (R) E) and p e N,
We estimate the terms in (3.35) one by one. Clearly, the assumptions of Theorem 3.5 imply
Iar(a)(p)l < Clla(P)ll II,tva(P)ll 2 (3.36a)
Moreover, since S(y) is independent of the choice of local orthonormal frame, we may assume that V,, G(P))= 0 l < i,j < n. IBr(a)(P)l < C lla(P)ll II,tr)a(p)ll To complete the proof, we need an integration by parts. Recall from (3.13) that the volume form c% on N r was related to COo by it*cor a(y)-2COo, with a(y) constant on N by assumption. Thus, we find
To calculate Er(a we define a vector field V e C(TNr) by (v, w5 := (Vw, e), W e C(TN).
Then it follows that
The proof is complete.
Proof of Theorem 3.5. Thus, Theorem 3.2 gives (see [Gi, Lemma 3.8.9] ) the following lemma. .o Fi'a F,--y
To complete the proof of (4.14) we observe that we have, for y [0, n/2], 1 < y/sin y < n/2. Hence, since (F)>o is g-orthonormal, We can now derive some interesting geometric consequences. 
